The zeta-function of the monodromy §6. Conditions implying equi-singularity §7. An example of an equi-singular family §8. The equi-singularity at infinity and the Abhyankar-Moh-Suzuki theorem §1. Introduction. The weight vectors of a resolution tower of toric modifications for an irreducible germ of a plane curve C carry enough information to read off invariants such as the Puiseux pairs, multiplicities, etc [26] . However, each step of the inductive construction of a tower of toric modifications depends on a choice of the modification local coordinates. This ambiguity makes it difficult to study the equi-singularity problem of a family of germs of plane curves or to study a global curve. It is the purpose of this paper to make a canonical choice of the modification local coordinates (u i , v i ) ( Theorem (4.5)), and to obtain a canonical sequence of germs of curves {C i ; i = 1, . . . , k} (C k = C) such that the local knot of the curve C i is a compound torus knot around the local knot of the curve C i−1 . We will show that the local equations h i (x, y) of the the germs {C i ; i = 1, . . . , k} (C k = C) are the Tschirnhausen approximate polynomials of the local equation f (x, y) for C, provided that f (x, y) is a monic polynomial in y.
The importance of the Tschirnhausen approximate polynomials was first observed by Abhyankar-Moh [2, 3] , and our work is very much influenced by them. However our result gives not only a geometric interpretation of [2, 3] but also a new method to study the equi-singularity problem for a given family of germs of irreducible plane curves f (x, y, t) = 0 whose Tschirnhausen approximate polynomials h i (x, y), i = 1, . . . , k − 1 do not depend on t.
In §6, we show that a family of germs of plane curves {f t (x, y) = 0} with Tschirnhausen approximate polynomials h i (x, y), i = 1, . . . , k − 1 not depending upon t and satisfying an additional intersection condition is equi-singular (Theorem (6.2)). In §8, we will give a new proof and a generalization of the Abhyankar-Moh-Suzuki theorem from the viewpoint of the equi-singularity at infinity (Theorems (8.2), (8.3) , (8.7) ). §2. Tschirnhausen approximate polynomials of a monic polynomial. Let f (y) = y n + n i=1 c i y n−i be a monic polynomial in y of degree n with coefficients in an integral domain R which contains the field This work was done when the first author was visiting the Department of Mathematics of the Tokyo Institute of Technology in the fall of 1993. We thank the Dept. of Math. of T.I.T. for their support and hospitality.
Typeset by A M S-T E X 1 of rational numbers Q, and let a be a positive integer such that a divides n. The n/a-th Tschirnhausen approximate polynomial (or the n/a-th Tschirnhausen approximate root) of f (y) is the monic polynomial h(y) ∈ R[y] of degree a such that degree(f (y) − h(y) n/a ) < n − a. The coefficients of h(y) = y a + a i=1 α i y a−i are inductively determined by: α 0 = 1 and c i (x) = j 1 +···+j ℓ =i α j 1 (x) · · · α j ℓ (x) for i = 1, . . . , a. The coefficient α j is a weighted homogeneous polynomial of degree j in the variables c 1 , · · · , c a with weight(c j ) = j, 1 ≤ j ≤ a. In our application R will be the ring C{x} or C [x] . For further detail, we refer to [2, 3] . From the Euclidean division algorithm it follows Proposition (2.1). Let h(y) ∈ R[y] be monic of degree a in y, and let P (y) ∈ R[y] such that sa ≤ deg y P (y) < (s + 1)a. Then there exits a unique expansion, called the Euclidian expansion, P (y) = The second assertion is immediate from the Euclidian expansion of f −h n/a . We call the above expansion the n/a-th Tschirnhausen expansion of f (x, y). The expansion of P (x, y) with respect to h(x, y) will also be called Tschirnhausen expansion if h(x, y) is a Tschirnhausen approximate polynomial. Tschirnhausen approximate polynomials behave hereditary in the following sense.
Proposition (2.2).
Assume that a, b ≥ 2 are integers such that ab|n. Let h and h ′ be the n/a-th and n/ab-th Tschirnhausen approximate polynomials of f respectively and let . If c 1 = 0, we would first conclude deg y R 1 < n − a + deg y c 1 , deg y R 2 < n − a, and then
So c 1 = 0 and it follows deg y (h
By the uniqueness of the Tschirnhausen approximate polynomial, the above inequality implies that h is the ab/a-th Tschirnhausen approximate polynomial of h ′ . Q.E.D.
The generalized binomial formula: (1 + z) r = ∞ j=0 r j z j for r > 0, with coefficients r j = r(r − 1) · · · (r − j + 1)/j!, converges for |z| < 1. When r is a rational number p/q, the identity:
(1 + z) p gives a recurrent computation of the coefficients of (1 + z) p/q . In particular, with Trunc
For a real number x ∈ R, denote by [x] the largest integer n such that n ≤ x.
Lemma (2.3).
Assume that a, b, c, d are positive integer such that gcd(a, b) = 1 and that d divides ac.
Proof. The polynomials F (y, z) and H(y, z) are weighted homogeneous of degree abc and abc/d respectively with respect to the weight vector P = t (b, a). In particular, the monomials in F (y, z) and
. Toric modifications and strict transforms. (3.1) Basic properties of toric modifications (see [24, 27, 28, 31] ). Let (x, y) be a fixed system of local (or global) coordinates of C 2 at the origin. Let N be the lattice of integral weights for the monomials in (x, y). The weights E 1 (x a y b ) = a and E 2 (x a y b ) = b span the lattice N, and a weight α i E 1 + β i E 2 will be denoted by the integral column vector t (α i , β i ). Let N + be the space of positive weight vectors of N, and similarly let N + R be the positive cone in
. . , m, cover without overlap the cone N + R . The subdivision Σ * is called regular if det(T i , T i+1 ) = 1 for each i = 0, . . . , m. Let σ i be the integral matrix mapping E 1 to T i and E 2 to T i+1 .
Using a birational mapping φ M :
for an integral unimodular negative function on Γ + (f ; (x, y)), for which we denote by d(P ; f ) its minimal value and by ∆(P ; f ) the face or the vertex where this minimal value is taken. We consider on N + the equivalence relation:
given by the equivalence classes. Let
. . , m be the ordered list of primitive weight vectors such that ∆(P i ; f ) is the list of the one-dimensional faces of Γ * (f ) and det
with distinct non-zero complex numbers γ i,1 , . . . , γ i,k i . Recall that f (x, y) is non-degenerate if and only if ν i,j = 1 for any i, j. The partial sum N (f )(x, y) = ′′ a α,β x α y β over all (α, β) ∈ Γ(f ; (x, y)) is the Newton principal part N (f )(x, y). A regular simplicial cone subdivision Σ * with vertices
* is a refinement of the dual Newton diagram Γ * (f ; (x, y)), meaning
Basic properties of admissible toric modifications are: (3.2.A) The divisor E(T j ) meets the proper transform C if and only if T j is a primitive weight
C) The divisor of the pull back p * f of the function f is given by
where C i,ℓ is the union of components of C which pass through (0, γ i,ℓ ). 2.E) If f is non-degenerate, the curve C i,j is smooth and C i,j intersects transversely with E(P i ). Thus, if f (x, y) is non-degenerate, the modification p is a good resolution of f (x, y) (see [17] ).
(3.3) Intersection multiplicity with a reduced irreducible germ. Let C = {f (x, y) = 0} be a reduced irreducible germ of a curve. The defining function admits for a weight
A 2 + (higher terms) with ξ 1 = 0 and gcd(a 1 , b 1 ) = 1, where "higher terms" collects the monomials of P 1 -degree strictly greater than a 1 b 1 A 2 . Let C ′ be another (not necessarily irreducible) germ of a curve defined by C ′ = {(x, y) ∈ U ; g(x, y) = 0}. Let p : X → C 2 be a toric modification admissible both for C and C ′ , and let Ξ 1 be the intersection point of C and E(P 1 ). Then Proposition (3.3.1)(Lemma (7.12), [27] ). The intersection multiplicity of C and C ′ at the origin is (3.4) A resolution tower of toric modification for an irreducible germ. Let C be an irreducible germ of a plane curve and let
} be a sequence of non-trivial toric modifications where each p i+1 : X i+1 → X i is the toric modification associated with a regular simplicial cone subdivision Σ * i of the cone N + R in the space of weights for a local system of coordinates (u i , v i ) of X i , centered at the center Ξ i ∈ X i of the modification p i+1 . Let E i,1 , . . . , E i,s i be the exceptional divisors of p i : X i → X i−1 . Abusely, we denote by the same E i,j , the strict transforms of E i,j to X ℓ for any ℓ ≥ i. Thus the exceptional divisors of the modification (ii) The modification p i+1 : X i+1 → X i is non-trivial and admissible for
The coordinate u i is simply the restriction u i = x σ i |W i of the coordinate x σ i of the right toric chart of
The weight vectors P i = t (a i , b i ) corresponding to the exceptional divisors E i,β i for i = 1, . . . , k are the weight vectors of the tower ( [27] ). If the tower T is admissible for C, there exists for i = 0, . . . , k−1 nonzero complex numbers ξ i ∈ C so that
where
g(x, y) = 0} be an irreducible, not necessarily reduced, germ of a plane curve at the origin of C 2 = X 0 and let D (i) be the strict transform of D to X i . If D has the same toric tangential direction of depth θ with C with respect to
there exist a non-zero complex number ξ ′ θ+1 , a positive integer A θ+2 ′ and a primitive weight vector
does not occur as {u θ+1 = 0} is nothing but E(P θ ). Put 
Let D 1 , . . . , D r be the irreducible components of a reducible plane curve germ D. We say that the reducible germ D has the same toric tangential direction of depth θ with C with respect to T if Ξ i ∈ D 
Proof. Let {(ν 1 , ν 2 )} = ∆(P ; g) and c = 0 be the coefficient of
is a unit at Ξ since y σ is. Q.E.D.
In particular, if Γ(g; (x, y)) ⊂ {(ν 1 , ν 2 ); ν 2 < a} or if g(x, y) ∈ C{x}[y] and deg y g < a, the face ∆(P ; g) is a vertex, and the lemma applies.
be monic of degree n and irreducible with the initial expansion f (x, y) = (y
The n/a-th Tschirnhausen approximate polynomial H a (x, y) is a monic polynomial of degree a in y and defines at the origin the germ of the curve D a := {H a (x, y) = 0}.
2 be an admissible toric modification with respect to a regular simplicial cone subdivision Σ * 0 for f (x, y). The strict transform C
(1) of C to X 1 intersects only with E(P 1 ), say at the point Ξ 1 . In the chart C
, where
For a multiple a of a 1 with a|n, the A 2 -th (resp. n/a-th ) Tschirnhausen approximate polynomial of (y
A 2 is the face function h 1P 1 (respectively H aP 1 ), hence h 1 and H a can be written as:
In particular, h 1 (x, y) is non-degenerate. As p *
of C 1 to X 1 intersects only with E(P 1 ) and
(1) 1 = {v 1 = 0}, so C 1 is irreducible and p 1 is a good resolution of C 1 . If A 2 = 1, we have f = h 1 and we have nothing to do further. If A 2 ≥ 2, the pull back p *
with primitive weight vector P 2 = t (a 2 , b 2 ) where the multiplicity of Φ *
2). The advantage of the "Tschirnhausen coordinates" is the inequality a 2 ≥ 2. In fact, in the Tschirnhausen expansion
with respect to h 1 we have c j (x, y) ∈ C{x}[y] and deg y c j (x, y) < a 1 , j = 2, . . . , A 2 , so the face ∆(P 1 , c j ) is necessarily a vertex. Therefore by the definition of the coordinate (u 1 , v 1 ) and Lemma (4.1) in a smaller neighbourhood W 1 of Ξ 1 the pull-backs are:
and U j is a unit for j ≥ 2 with c j = 0. If c j = 0, we put U j = 0 for simplicity. Thus we have
, with equality if and only if a 2 |j. Let a 1 |a and a|n. The following Tschirnhausen expansions start at j = 2 by Proposition (2.2):
With
, we have that deg y R a < n − a and therefore the Tschirnhausen expansion of R a with respect to h 1 can be written as
and deg y β ℓ < a 1 . If β ℓ = 0, we can by Lemma (4.1) for a unit U ℓ and non-negative integer γ ℓ ∈ N write p *
Thus we have for the Newton principal part
So, comparing the pull-back p *
) and (4.3.5), we see that the monomials u
a . The expansions (4.3.4) and (4.3.1) give with some analytic functions g a , G a
. Let ∆ a be the first face of Γ(p * 1 H a ) which contains B a and let Q = t (p 2 , q 2 ) be the weight vector of ∆ a .
Assertion (4.3.8). The inequality q
Proof. Assuming by contradiction that q 2 /p 2 < b 2 /a 2 , we have p *
, and we will prove the assertion by excluding the following three cases:
by the assumption. If case (c) holds, from (4.3.6) it follows (p *
. But this equality is impossible. In fact, let us write (p *
On the other hand, the second term of the right side of the equality has no monomial u
, which is a polynomial by Assertion (4.3.8). By a similar discussion as above, we conclude:
is the n/a-th Tschirnhausen approximate polynomial of (v
In particular, if a 1 a 2 divides a, A 3 /(n/a) = a/a 1 a 2 is an integer and we can see easily that
and a = a 1 a 2 , we observe that p *
a tower of toric modifications with the corresponding weight vectors
i , (i ≥ ℓ) be the strict transforms of D a and C i to X ℓ respectively. The map p i : X i → X i−1 is an admissible toric modification for Φ * i−1 f associated with a regular simplicial cone subdivision Σ * i−1 . Let Ξ i = C (i) ∩ X i be the center of the modification p i+1 and let (u i , v i ) be the chosen modification local coordinate system with the center Ξ i so that {u i = 0} is the defining equation of the exceptional divisor E i := E(P i ) for i = 1, . . . , j. We assume the following properties (1-j), (2-j) and (3-j) for the tower.
(1-j) (C i , O) is a germ of an irreducible curve at the origin for i = 1, . . . , j and the strict transform C (i) i to X i is smooth and is defined by {v i = 0}. The pull backs of f and h i , i ≤ j equal :
The modification coordinates (u i , v i ) are characterized by (4.4.2). We assume a j+1 ≥ 2 in (4.4.1), if A j+1 ≥ 2. More generally, for any positive integer a with a|n and a 1 · · · a i+1 |a, we have
Here m i (h i ), m i (H a ) and m i (f ) are the respective multiplicities of the pull backs Φ * i h i , Φ * i H a and Φ * i f on the exceptional divisor E i and they satisfy the equalities:
(2-j) The local intersection multiplicities at the origin are given by
, if a|n and a 1 · · · a j |a.
(3-j) For any non-zero polynomial α(x, y) ∈ C{x}[y] with deg y α(x, y) < a 1 · · · a j , the pull back Φ * j α can be written as Φ * j α = U × u s j in a small neighbourhood W j of Ξ j for some integer s ≥ 0. If A j+1 = 1, then h j = f and (4.4.1) says that Φ j : X j → X 0 is a good resolution of C. If A j+1 ≥ 2, we will add to the tower a toric modification p j+1 : X j+1 → X j keeping the above properties. Let P j+1 = t (a j+1 , b j+1 ) be the weight vector of the unique face of Γ(Φ * j f ; (u j , v j )) characterized by (4.4.1) and (4.4.2):
A j+2 + (higher terms). Choose a regular simplicial cone subdivision Σ * j of the Γ * (Φ * j f ; (u j , v j )) and make the corresponding modification p j+1 : X j+1 → X j with center Ξ j ∈ E j . Then Φ * j h j+1 (u j , v j ) is non-degenerate by (4.4.2), so in the right toric chart σ = (P j+1 , P
are the multiplicities on E j+1 = E(P j+1 ) and E(P ′ j+1 ) respectively. The functions u j+1 := x σ and
give a system of coordinates in a neighborhood W j+1 of the intersection point Ξ j+1 of C (j+1) j+1 and E j+1 . By the definition the strict transform C (j+1) j+1 is smooth and is defined by {v j+1 = 0} in W j+1 . We show (3-(j+1)) first. For α(x, y) ∈ C{x}[y] with deg y a < a 1 · · · a j+1 , its Tschirnhausen expansion with respect to h j : α(x, y) =
If a j+1 = A j+1 i.e., A j+2 = 1, the modification Φ j+1 : X j+1 → X 0 is a good resolution of C, so clearly we have (1-(j+1)) and (2-(j+1)). If A j+2 ≥ 2, we write
Note that m j+1 (f ) = a j+1 m j (f ) + a j+1 b j+1 A j+2 . Using the A j+2 -th Tschirnhausen expansions of f :
, and repeating the argument in (4.3), will prove a j+2 ≥ 2. As above,
for some integer m i and a unit U j+1,i . The Newton principal part N (Φ * j+1 f )(u 1 , v 1 ) contains the exponent (m j+1 (f )+b j+2 , A j+2 −a j+2 ) by (4.4.4) and we conclude that a j+2 ≥ 2 as in (4.3). Now we show (1-(j+1) ). For a with a|n and a 1 · · · a j+1 |a, consider the Tschirnhausen expansions:
with deg y c i < a and deg y d i < a 1 · · · a j+1 where β i := a/a 1 · · · a i . Applying the same argument to the h j+1 -expansion of
n/a a ) and also of Γ(Φ * j+1 f ; (u j+1 , v j+1 )). By the arguments of (4.3) and (4.4.3), the first face ∆ a of Γ(Φ * j+1 H a ; (u j+1 , v j+1 )), which contains B a , has the weight vector P j+2 = t (a j+2 , b j+2 ), hence
is monic in v j+1 of degree β j+1 = a/a 1 · · · a j+1 , implying with the inequality of (4.4.5) the
β j+2 + (higher terms), with β j+2 := a/a 1 · · · a j+2 .
This proves (1-(j+1)). The assertion about the intersection multiplicities (2-(j+1)) follows immediately from Lemma (3.4.2).
As a 1 · · · a i divides n and a i ≥ 2 for each i = 1, . . . , k, the above inductive construction stops after a finite number of toric modifications. In fact, k (respectively k − 1) is the number of Puiseux pairs if b 1 > 1 (resp. if b 1 = 1.) See [27] and [17] . Thus we have proved the following.
Theorem (4.5). Let f (x, y) ∈ C{x}[y] be monic of degree n with the initial expansion
and defining in a neighbourhood W 0 an irreducible curve C := {(x, y) ∈ W 0 ; f (x, y) = 0} at the origin. There exits a resolution tower T , satisfying the following conditions (1) and (2), of toric modifications: , y) be the A i+1 -th Tschirnhausen approximate polynomial of f (x, y) and let C i = {(x, y) ∈ C 2 ; h i (x, y) = 0}, i = 1, . . . , k. Note h k = f and C k = C. Denote by Ξ i ∈ E i := E(P i ) the center of p i+1 , by (u i , v i ) the modification local coordinate centered at Ξ i so that {u i = 0} is the defining equation of the divisor
(1) For each i = 1, . . . , k, C i is an irreducible curve at the origin having the good resolution Φ i , such that the strict transform C (i) i in X i is defined by {v i = 0}. The pull backs are
In particular, putting ℓ = k,
where the multiplicities m i (h ℓ ) and m i (f ) multiplicities of the pull backs Φ * i h ℓ and Φ * i f on E i satisfy the equalities:
The equality (4.5. The combinatorial choice of the admissible subdivisions Σ * i 's determins completely the Tschirnhausen resolution tower of toric modification. In Theorem (4.7), we will show that the length of the tower k and the sequence of the weight vectors {P 1 , . . . , P k } are independent of the choice of a certain resolution tower of toric modifications.
B. Intersections of other Tschirnhausen approximate polynomials. Let, as before, H a (x, y) be the n/a-th Tschirnhausen approximate polynomials and D a = {H a (x, y) = 0}. 
Lemma (4.6.1). The constant term of the polynomial H
Proof. Put β j = a/a 1 · · · a j . The point is that β s+1 := A s+2 /(n/a) is not an integer. As H ′ a (u s , v s ) is the n/a-th Tschirnhausen approximate polynomial of (v 
in (4.6.4), we get:
, which is a contradiction as
Now by the Lemma the curve D a has the same toric tangential direction of depth s but not of depth s + 1 with C. In particular, D 
where gcd(a s+1,j , b s+1,j ) = 1 and U j is a unit. They satisfy:
Recall that the weight vector of the unique face of Γ(k a,j ; (u s , v s )) corresponds to the weight vector of a face of Γ(k a ; (u s , v s )). By Assertion (4.4.18), the Newton boundary Γ(k a ; (u s , v s )) starts with the face (possibly a vertex) of the weight vector P s+1 and any other face has a milder slope. Therefore we have b s+1,j /a s+1,j ≥ b s+1 /a s+1 if b s+1,j = 0. Now we apply Lemma (3.4.2) to compute the intersection numbers. For i ≤ s,
(A i+1 n/a), i ≤ s and for i ≥ s, with P s+1,t := t (a s+1,t , b s+1,t ) we have
Relations with other toric towers. Consider two toric resolution towers:
where T is a Tschirnhausen tower of resolution with the weight vectors P i = t (a i , b i ), i = 1, . . . , k and n = a 1 · · · a k , a i ≥ 2, i = 1, . . . , k as in Theorem (4.5). Let A i = a i a i+1 · · · a s and let h i (x, y) be the A i+1 -th Tschirnhausen approximate polynomial of f (x, y) and let C i be the corresponding Tschirnhausen curve for i = 1, . . . , k as before. Let Q i = t (α i , β i ), i = 1, . . . , s be the corresponding weight vectors of Q with n = α 1 · · · α s . We assume that α i ≥ 2, i = 1, . . . , s and Q 1 = P 1 . We call such a toric tower Q a Tschirnhausen-good resolution tower. A Tschirnhausen resolution tower is a Tschirnhausen-good resolution tower by Theorem (4.5). Now Theorem (4.5) can be generalized as follows. 
Theorem (4.7). Let f (x, y) as in Theorem (4.5). Let T and Q be as above. Assume that
Thus we have also the uniqueness of the multiplities:
Proof. We consider the tower Q. Let α 1 = min(α 1 , β 1 ) and β 1 = max(α 1 , β 1 ) and let
Then we have shown in Corollary (6.8) of [27] that the Puiseux pairs of C is given by {(n i , m i ); i = 1, . . . , s}, (β 1 > 1) or {(n i , m i ); i = 2, . . . , s}, (β 1 = 1). The same assertion is true for the Tschirnhausen tower T . By the assumption Q 1 = P 1 and by the uniqueness of the Puiseux pairs, we conclude that s = k and Q i = P i . The assertion (4.7.1) for ℓ > i follows easily by the induction on i. In fact, we know that C ℓ is irreducible and I(C ℓ , C; O) = 
respectively. This implies that n i < r i . The configuration of the exceptional divisors { E(P i,j ); j = 1, . . . , r i } is a line configuration and E(P i,0 ) is nothing but E(P i−1,n i−1 ). Thus the exceptional divisors of the resolution Φ k : X k → X 0 is the union of the strict transforms { E(P i,j ); 0
Let m i,j be the multiplicity of the pull-back Φ * i+1 f along E(P i,j ) and let δ i,j be the number of irreducible components of the divisor (Φ * k f ) which intersect with E(P i,j ). By Theorem 3 of [1] , the zeta-function ζ(t; O) of the monodromy of f (x, y) is determined by those E(P i,j ) with δ i,j = 2. As we have seen in §3, m i,j = d(P i,j ; Φ * i f ) and
If n 0 = 1, we subdivide Cone(P 0,0 , P 0,1 ) so that we can assume that n 0 > 1. Note that δ k−1,n k−1 = 3 as E(P k−1,n k−1 ) = E(P k ) and it intersects with C (k) . Recall that the multiplicity m i,n i is given by
in the same notation as in §4. Thus we need determine m 0,1 , m i,r i for i = 1, . . . , k. To determine m i,r i , we consider the expression by (4.7.2):
A i+2 + (higher terms) for i < k. As Σ * i is assumed to be admissible for Φ * i f , we know that (m i (f ) + b i+1 A i+2 , 0) ∈ ∆(P i,r i ; Φ * i f ). This observation and the expression 
Proof. By the equality −1 + µ(f ; O) = deg ζ(t; O), we have
be an analytic family of monic polynomial in C{x}[y] of degree n in y defined for t in an open connected neighborhood U of the origin in C. Let C(t) := {f t (x, y) = 0}, t ∈ U, be the corresponding family of germs of curves at the origin. We assume that C(0) is irreducible and reduced at the origin and that f t (x, y) has an initial expansion
with ξ 1 = 0 independent of t and
be the Tschirnhausen approximate resolution tower of (C(0), O) with the weight vectors {P i = t (a i , b i ); i = 1, . . . , k}. We assume further that the A i+1 -th Tschirnhausen approximate polynomials h i (x, y, t) of f t (x, y) for i = 1, . . . , k − 1 are independent of the parameter t. Note that this is the case if the coefficients of y j do not depend on t for any j ≥ n − a 1 · · · a k−1 . Consider the germs of curves C i := {h i (x, y) := h i (x, y, t) = 0}, i = 1, . . . , k − 1. Finally we assume that the local intersection multiplicities satisfy the inequalities:
; O) < +∞, for any t, s, with s = 0.
Theorem (6.2).
Under the above assumptions for the family f t (x, y) , the germes C(t), t ∈ U, are irreducible at the origin and have the same toric tangential directions of depth k ′ , k ′ ≥ k−1 . The family of germs of plane curves {(C(t), O); t ∈ U } is an equi-singular family and Φ k : X k → X 0 gives a simultaneous resolution for the family {C(t); t ∈ U } where Φ k = p 1 • · · · • p k . In particular, the Milnor number µ(f t ; O) is constant and coincides with µ(f 0 ; O). Moreover, if equality holds in a k I(C k−1 , C(t); O) ≤ I(C(0), C(s); O) for any t, s, with s = 0, the germes C(t), t ∈ U do not have the same toric tangential direction of depth k.
Proof. We fix τ = 0, τ ∈ U . We first assume that C(τ ) is irreducible. The irreducibility will be proved later. Assume that C(τ ) has the same toric tangential direction with C(0) of depth θ, θ ≤ k. Then we can write C (j) (τ ) as
is a primitive weight vector and if P ′ θ+1 = P θ+1 , we must have ξ ′ θ+1 = ξ θ+1 by the assumption. Comparing (6.1.1) and (6.2.1) and by the assumption, we have ξ
2) and (6.2.2), the local intersection multiplicity is given by 
. Thus (6.2.2) and (6.2.3) and the assumption (6.1.4) implies that we must have θ = k − 1 and a
In fact, assume first that b
Then we get a contradiction:
Thus we have proved (6.2.
4). As gcd(a
This also shows that C (k) (τ ) is smooth. Thus under the assumption that C(τ ) is irreducible at the origin, we have proved that C(τ ) is reduced and θ ≥ k − 1, P ′ k = P k . This implies that µ(f τ ; O) = µ(f 0 ; O) by applying Theorem (4.5) to C(τ ). Note that Φ k : X k → X 0 gives a simultaneous resolution of the family {C(τ ); τ ∈ U }. If θ = k, the assertion is obvious and C (k) (τ ) intersects with C (k) (0) at Ξ k and therefore
. This implies that the strict inequality in (6.1.3) must hold. Irreducibility of C(τ ). Now we prove that C(τ ) is irreducible for any τ . Fix a τ and assume that C(τ ) has s irreducible components at the origin and s ≥ 2. Let C (τ ; 1) , . . . , C(τ ; s) be the irreducible components and let C (j) (τ ; 1) , . . . , C (j) (τ ; s) be their strict transforms on X j . We assume that C(τ ; i) has the same toric tangential direction of depth θ i with C(0). Then we can write (θ 1 , . . . , θ s ). Then C(τ ) has the same toric tangential direction of depth θ 0 with C(0) and we can write C (j) (τ ) as:
and by the assumption, we have a
Comparing the defining equations of C (i) (τ ; 1), . . . , C (i) (τ ; s) and C i) (τ ), we must have
We use the following notations for simplicity.Ā j,i := A j,i for i ≤ θ j + 1 andĀ j,i := 0 for i > θ j + 1. Then by (6.2.5) and (6.2.6) we get 2), we have with P j,θ j +1 := (a j,θ j +1 , b j,θ j +1 ) that
Adding these inequalities for j = 1, . . . , s and using (6.2.6), we get
where the right side is equal to a k I(C k−1 , C(0); O) by Theorem (4.5). Combining wit the assumption (6.1), we get I(C(τ ),
. This is equivalent to the following two equalities:
By (6.2.7) and (6.2.6), (6.2.9) is equivalent to θ 0 = k − 1. Therefore (6.2.8) and (6.2.9) holds if only if
Then we have:
Thus we get a contradiction A 2 + (higher terms), a 1 ≥ 2, and defining an irreducible germ of a plane curve C = {f (x, y) = 0} at the origin. Then the a-th Tschirnhausen approximate polynomial of f t (x, y) does not depend on t for any a|n with 1 < a, so we can apply the previous consideration to the family of germes C(t) := {(x, y) ∈ C 2 ; f t (x, y) = 0}. A similar family is studied by Ephreim [6] using polar invariants. Let {P i = t (a i , b i ); i = 1, . . . , k} be the weight vectors of the Tschirnhausen resolution tower. Let h i be the A i+1 -th Tschirnhausen approximate polynomials of f t (x, y) for i = 1, . . . , k − 1 and let
Proposition (7.1). With the above assumptions and notations, we have
Proof. For the proof of the equality, note: I(C(t), C(s); O) = dim C C{x, y}/(f s , f t ) and therefore = dim C C{x, y}/(f t , (t−s)x m ) = nm. To prove the inequality, we first observe the Newton diagram ∆(h k−1 ) is a subset of the triangle ∆ ′ whose vertices are
. In the case of m = n, the assertion follows from the Bezout theorem in P 2 : a k I(C k−1 , C(t); O) ≤ a kCk−1 ·C(t) = n 2 = nm, whereC is the projective compactification of C ⊂ C 2 and the right side is the intersection number in P 2 . In the case m = n, we need another argument. Choose a small ball B centered at the origin B containing no other intersection than the origin 
is the Minkowski's mixed volume and we have used the monotone increasing property of the Minkowski's mixed volume to the inclusion ∆(h C(s) ), the inequality of the proposition follows. Q.E.D. §8. The equi-singularity at infinity and the Abhyankar-Moh-Suzuki theorem. Let F : C 2 → C be a polynomial mapping of degree n. We say that τ ∈ C is a regular value at infinity if there exits a large number R and a positive number δ so that the restriction F : E ∞ (R, δ) → D δ is a trivial fibration where
Let C t = F −1 (t) and letC t be the projective compactification. The setC t − C t = {ρ 1 , . . . , ρ ℓ } ⊂ L ∞ be does not depend on t. We recall that
Proposition (8.1)([10]). τ ∈ C is a regular value at infinity if and only if the family of germs of plane
curves {(C t , ρ i ); t ∈ C} is topologically stable at t = τ for any i = 1, . . . , ℓ.
We consider hereafter the simplest case that C 0 has one place at infinity, say at ρ = (1; 0; 0). Namely we assume that ℓ = 1 and the germ (C 0 , ρ) is irreducible. Then F (x, y) is written as
for some integers a 1 ≥ 2, A 2 and 1 ≤ c 1 < a 1 . AsC 0 ∩ L ∞ = {ρ} andC 0 is assumed to be locally irreducible at ρ 1 , the polynomial F (x, y) has only one outside face and its outside face function has only one factor. See [18] or [26] . The standard affine coordinates u = Z/X, v = Y /X are centered at ρ and the curveC t is defined by {f t (u, v) = 0} where
In this simplest case, we have the initial expansion
where b 1 = a 1 − c 1 . Let C ∞ t = {(u, v) ∈ C 2 ; f (u, v, t) := f (u, v, t) = f (u, v) − tu n = 0}. We can apply Theorem (6.2) using Proposition (7.3) to this family and we obtain: Ephraim has also obtained a similar result about the equi-singularity using a different method ( [6] ). See also Moh [20] .
Before giving applications, we will need the following facts. Let D ⊂ P 2 be a projective curve of degree n and let q 1 , . . . , q ν be the singular points of D. Then by Plücker's formula and by Mayer-Vietoris argument, the topological Euler number of D − {q 1 , . . . , q ν } is given by χ (D − {q 1 , . . . , q ν }) = 2 − ν − (n − 1)(n − 2) + ν i=1 µ(D; q i ).
From this equality follow two equivalences. First, µ(D; q 1 ) = (n − 1)(n − 2) if and only if the curve D − {q 1 } is smooth and homeomorphic to the line C. Second, µ(D; q 1 ) = (n − 1)(n − 2) − 2g and ν = 1 if and only if the curve D − {q 1 } is smooth and homeomorphic to a punctured Riemann surface of genus g. As a first application, we will give an elementary proof of: Theorem (8.3) (Abhyankar-Moh [4] , Suzuki [29] ). Let F (x, y) be a polynomial of two variables of degree n and assume that the plane curve C = {(x, y) ∈ C 2 ; F (x, y) = 0} is smooth and homeomorphic to the complex line C. Then there exists another polynomial G(x, y) so that (F, G) is an automorphism of C 2 .
Proof. The polynomial F (x, y) has one place at infinity, say at ρ = (1; 0; 0). To prove the theorem by the induction on n = degree F (x, y), it is enough to show that c 1 = 1 in (8.1.1). In fact, if c 1 = 1, we apply the coordinate change (X, Y ) = (y a 1 + ξ 1 x, y) and achieve deg F ((X − Y a 1 )/ξ 1 , Y ) < n. Therefore the assertion is proved by the induction on deg F . From Theorem (4.5) and Bezout theorem, we deduce Example (8.5) . Let a i ≥ 2, i = 1, . . . , k be given integers, and let n = a 1 · · · a k . Let us consider the sequence of automorphisms:
i+1 , i = 0, . . . , k − 1 where x 0 = x and x 1 = y. Let F (x, y) = x k+1 (x, y). Then F (x, y) obviously satisfies the assumption of Theorem (8. It is easy to see that h i is the A i+1 -th Tschirnhausen approximate polynomial of f . By an inductive argument we can prove that the weight vectors of the Tschirnhausen approximate resolution tower is given by
